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Abstract

One critical component of LhARA, The Laser-hybrid Accelerator for Radiobiological Applica-
tions, is the Gabor (plasma) lens which is designed to capture and focus the laser-driven proton beam.
To understand the experimental limitations in achieving the high density plasmas (~ 10 m™?) re-
quired by the design of LhARA, a set of measurements has been planned on the positron beamline in
operation at the University of Swansea. This report describes several numerical studies performed in
preparation for the measurements. Particle-tracking simulations showed that a low-energy positron
beam rotates while passing through a Gabor lens due to the overlap between the external magnetic
field and the space-charge field of the plasma. A relation between the plasma density and the angle
of rotation of the beam was established. A particle-in-cell (PIC) code was used to simulate the
diocotron drift of an off-axis plasma column and to evaluate the expected frequencies for a range of
plasma densities, sizes, and amplitudes. For a proper initialisation of the plasma in the PIC simu-
lations, an iterative algorithm was applied to calculate the density distribution of an axisymmetric
electron plasma in global thermal equilibrium.
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1 Introduction

One critical component of LhARA | the Laser-hybrid Accelerator for Radiobiological Applications, is the
space-charge (Gabor) lens which enables the capture and focusing of the ions produced by the laser-
driven source. The Gabor lens uses a non-neutral electron plasma confined in a Penning-Malmberg [I]
trap to provide the focusing field for a positively charged beam that passes through the plasma. In the
development of LhARA, it is important to prove that such a plasma lens can be operated in a stable
regime with the designed focusing strengths. The current design of LhARA [2] employs five lenses, three
of which are used to determine the energy selection.

Several plasma instabilities have been observed experimentally to disrupt the ion beam [3H6]. Previous
work [7] investigated the origin of the instabilities by using a particle-in-cell (PIC) code, VSim [§], to
simulate the dynamics of the non-neutral plasma confined by the lens. For each type of instability
observed, its effect on a proton beam was studied by tracking the protons through the electron cloud.
Simulating both the plasma and the proton beam with the PIC code is computationally expensive, but
achievable. A faster alternative method was devised by generating a time-dependent idealised electric
field map to represent the space-charge through which the protons were tracked using BDSIM [9].

A first prototype of a space-charge lens for LhARA was built at Imperial and tested with a proton
beam. The initial pencil beams were focused into ring shapes with several distinctive features which
suggest that the confined plasma was unstable during the measurements [10]. The formation of the rings
was reproduced in simulations with the PIC code and a model of the plasma was created to account
for some of the features of the rings [7]. Matching the measurements with the simulations led to an
estimation of the plasma densities achieved with the first prototype of the lens. The estimations are an
order of magnitude lower than the plasma densities required by the LhARA conceptual design.

Thus, the next stage towards an improved design iteration of the Gabor lens for LhARA has two main
aims. The first goal is to validate the simulation software (VSim) that is used to make predictions of the
characteristics of the confined plasma (e.g. stability, maximum density, spatial uniformity). The second
goal is to better understand the experimental limitations that mean higher electron densities cannot be
achieved.

This report presents the initial studies that were done in preparation for the experimental measure-
ments. Section [2| outlines the proposed measurements, each with the corresponding aims and methods.
Section [3] describes the particle-tracking simulations done to evaluate whether an observable focusing
effect can be achieved by passing a low-energy positron beam through an electron plasma. Section [4]
reports the method and results of the particle-in-cell (PIC) simulations that model the diocotron drift
of a plasma column.

2 Proposed measurements

This section describes a set of measurements that are planned to be done on the positron beamline at
the University of Swansea. The measurements are described starting from two main aims related to the
design of a Gabor lens for LhARA and a third, new investigation is also proposed.

Development Firstly, we would like to characterise the capabilities to confine a high density plasma
with the storage trap available at Swansea and to identify the factors that limit the maximum achievable
density. While the geometry of the storage trap described in subsection [3.1] is similar to the geometry
of the Gabor lens proposed for LhARA, the confining fields were designed for lower space charge and,
thus, lower plasma densities. Nonetheless, the measurements will allow us to study the total number of
stored electrons in relation to the externally applied fields, and to investigate the capability to change
the plasma density and the plasma radius by using the rotating-wall (RW) technique [IT].

Validation Secondly, some of the measurements will be compared to results from the PIC simulations.
The comparison will help us evaluate the suitability of the simulation software and validate it for mod-
elling plasmas confined in a Penning-Malmberg trap. If the main processes in the plasma are accurately
covered by the PIC simulations, the corresponding software represents an important tool for making
predictions in the next design iteration of the Gabor lens for LhARA.

New measurements Finally, the beamline has been designed for operation with positrons. Thus, it
is possible to attempt to take a set of new measurements and study the focusing properties of a confined
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electron plasma on a low-energy positron beam.

2.1 Experimental limitations on plasma confinement

The first set of measurements is planned to investigate the experimental limitations of a plasma lens in
relation to the focusing properties called for by the design of LhARA. The electron source will be located
on axis and a ‘beam-catching’ technique will be used to fill the storage trap. The aim is to study the total
number of electrons that can be trapped for different electrodes used as the end gates and various voltages
applied to them. For given conditions, we will use the RW electrode to change the plasma density and
radius and investigate the limits on these two plasma parameters. For the design of a lens for LhARA,
it is critical to evaluate the upper limit in the electron density. Then, the maximum achievable density
can be compared to the Brillouin limit to evaluate the efficiency of the trap. Furthermore, measuring the
transverse plasma profiles for a range of plasma lengths and densities will inform us on the uniformity
of the plasma and, thus, on the degree of deviation form aberration-free focusing.

2.2 Diocotron motion

The second study is planned to measure the frequency of the diocotron drift of an off-axis plasma column
for various electron densities, plasma lengths, plasma radii, and displacements from the axis of the trap.
The electron source will be located off-axis and the beam will be captured either by keeping the emission
current constant and varying the gate electrodes or by fixing the length of the plasma and varying
the emission current. Furthermore, the source will be placed at different displacements, while keeping
both the emission current and the gate electrodes fixed. A final option is to compare destructive and
non-destructive measurements [I2] in view of the instrumentation required by the lens for LhARA. The
mapping of the diocotron motion on the MCP /phosphor screen with respect to time will be compared
to the non-destructive frequency measurement of induced charges on the segmented electrode, where
possible.

2.3 Positron beam focusing

A low-energy positron beam can be obtained on the beamline at Swansea by two methods. If the positrons
originate directly from the source, they form a DC beam which propagates on axis. Alternatively, an
off-axis AC ‘cloud’ of positrons can be obtained by accumulating them in the buffer gas trap upstream
of the storage trap and, then, releasing the cloud towards the electron plasma in the storage trap. With
an on-axis beam, no observable change in the beam radius is expected due to the external magnetic field
around the electron plasma. The solution is to measure the angle by which an on-axis elliptical beam
rotates as it passes through the electron plasma. A slit collimator can be placed upstream of the storage
trap to form an elliptical positron beam.

Alternatively, the electron cloud also induces a change in the position of a thin positron beam that
enters the space-charge off axis. Provided that an off axis positron cloud can be ejected toward the
storage trap, its change in position can be mapped as a function of the length and density of the electron
plasma.

3 Positron beam focusing

3.1 Positron beamline

The positron beamline at Swansea is about 6 m long and comprises the positron source chamber, the
buffer gas accumulator, the storage trap, and a laser/target cross.

Source The source chamber contains a 4K cold finger onto which a positron emitting radioactive
source (Na-22) is thermally connected, but electrically isolated via a sapphire disk. Neon is condensed
onto the source to moderate the positrons such that ~ 1% of positrons are emitted with a few eV kinetic
energy. The emitted positrons are accelerated downstream by biasing the source to a voltage in the
range 50-100 V. Radial confinement of the positrons along the beamline is provided by Helmholtz-like
guiding coils of field strength up to 100 G.
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Figure 1: Illustration of the layout of the nine individual bias-able electrodes of the storage trap. Two
electrodes are six-way segmented for the application of the rotating-wall (RW) technique [I1]

Buffer gas trap The buffer gas trap comprises of 20 cylindrical electrodes immersed in a 400G
solenoidal magnetic field. The electrodes are independently biased to provide an axial trapping profile
usually with a low potential barrier at the upstream end of the trap and a higher barrier at the dowstream
end. Nitrogen gas is injected and due to the differential pumping and varying electrode conductances, a
static pressure profile is established. Carefully choosing the pressure and bias potentials allows positrons
to be accumulated. The positrons are manipulated as necessary to increase their number, or density, or
control the radial positioning.

Storage trap The storage trap (Penning-Malmberg trap) comprises of nine independently bias-able
cylindrical electrodes out of which two are six-way segmented as shown in figure[I} The full length of the
trap is 28.1 cm with a diameter of 4.1 cm. The electrodes are immersed in a magnetic field of about 400 G
created by a 68 cm long solenoid. Typical operation takes place at a background gas pressure around
10~%mbar. The storage trap can be used for stacking positrons from the upstream buffer gas trap or
for trapping an electron plasma. For the latter, an electron source is installed on a linear manipulator
upstream of the storage trap. Downstream of the trap, a microchannel plate (MCP) and a phosphor
screen assembly is located for imaging the radial position and line integrated density of positrons or
electrons.

Operation with electrons For electron plasma studies, the trap is loaded by a ‘beam catching’
technique as opposed to collision or stream instability. This simpler technique allows the trapping of
electron densities N, ~ 10% cm ™! and typical plasma radii between 0.5 mm and 1 mm. The electron source
is made out of a 90 W W-filament that outputs a typical current of 25 pA at 30V with 1-2eV spread.
Destructive measurements (ejecting the plasma towards the MCP) allow the plasma size, position, total
particle number, and plasma temperature to be determined. Optical imaging of the phosphor screen
provides position information and determination of the line-integrated density. The screen can be used
as an anode to collect an amplified signal from the electrons hitting the MCP. The corresponding signal
can be configured to provide timing information or integrated charge (ideal for plasma temperature
diagnostics).

Non-destructive measurements are also possible and allow, for example, the diocotron frequency to
be determined from the image charges induced in the segmented electrodes. If a charge confined in
a Penning-Malmberg trap is located away from the central axis, there will be a defined image charge
induced in the conductive walls of the electrodes. If the induced image charge is probed at a specific
azimuthal location, a signal can be recorded as a function of time. The signal can, then, be compared
to theory and a few plasma parameters determined.

Rotating-wall (RW) technique An important technique for manipulating non-neutral plasmas is to
compress the plasma radially using a rotating electric field. This method has been proved to be critical
for counteracting outward plasma transport, thus, allowing essentially infinite confinement times [I3],
and for achieving higher plasma densities [I4]. The RW compression involves coupling a rotating electric
field to the plasma to inject angular momentum.

For a sufficiently large magnetic field, the total angular momentum of the plasma, Py, is dominated
by the vector potential contribution over the mechanical contribution and can be approximated by

—eNB <7’2>, (1)

2

Py =
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where N is the total number of electrons, and < 72 > is the mean-square plasma radius. Thus, a radial
electric field rotating in the same direction as the plasma will result in compression if the field rotates
at a frequency frw > fE, and expansion of the electrons if fryy < fg. Here, fg = ene/4meoB is the
plasma E x B rotation frequency. The rotating field typically has a low-order azimuthal mode number
(e.g. mp = 1) and it is applied through a segmented electrode located at one end of the trap. Good
compression is achieved for the axial extent of the segmented electrode less than half the length of the
plasma.

Most RW compression experiments today operate in the so-called ‘strong drive’ regime [I5] when the
drive amplitude is sufficiently large and the electric field satisfies a ‘low-slip’ condition

%ﬁf’f < 1. (2)

A broad range of densities have been obtained in this strong-drive regime. It has also been found that,
upon the application of the rotating field, the plasma evolves to high density states with fg ~ frw
that correspond to constant-density rigid-rotor states close to thermal equilibrium [I4]. The strong-drive
regime can be accessed depending on the ability to overcome the drag due to static asymmetries in
the laboratory frame. The drag is a result of these asymmetries driving waves that travel backwards
on the rotating plasma. Since these waves have zero frequency in the lab frame, they are referred as
‘zero-frequency modes’ (ZFM) [14].

One experimental step towards building a reliable Gabor lens is to employ the system at Swansea to
test the focusing effect of an electron plasma on a low energy positron beam. The beam can either be DC
and obtained directly from the Na-22 source or an AC ‘cloud’ ejected from the buffer gas trap. In order
to evaluate the feasibility of such a set of measurements and the expected observations, a model has
been created for the main part of the beamline around and including the storage trap. The model was
used to simulate the passage of a positron beam through an idealised electron cloud for various densities
and lengths of the confined plasma. While in the absence of a magnetic field the beam is expected to
be focused by the space-charge of the plasma the surrounding solenoidal field in combination with the
focusing electric field leads to a rotation of the beam without any significant changes of its size.

In the absence of any surrounding magnetic field, a constant density electron plasma represents an
ideal beam-focusing element. The space-charge creates a radial focusing field, which under the thin-lens
and paraxial beam approximation, can be described by a focal length f which depends on the beam and
plasma parameters according to

f _ 260’70”@6802 i (3)
where my,, ¢ are the mass and charge of the positron, proton or ion being focused, 3y, are the relativistic
factors of the positively charged particles in the beam, and n. and L are the density and length of the
electron plasma.

Due to the sizes of the electrodes in the storage trap (see figure , four plasma lengths are considered
in the following analysis: 2, 5, 9, and 19 cm, all of which can be achieved by individually biasing to a
negative voltage a separate pair of electrodes symmetrically positioned with respect to the midplane of
the trap. Figure [2] shows the range of achievable focal lengths for several beam and plasma parameters
that are typical to the system at Swansea. To focus the low energy positron beam in a region close to
the detector, the required electron density is in the range 1 x 10" m™3 to 2 x 10" m™3 and must be
adapted in accordance with the length of the plasma.

qe nel

3.2 Magnetic field map

While a constant density electron cloud provides a radial focusing force for a positron beam, the presence
of the axial magnetic field required to confine the plasma may modify the focusing effect due to the low
energy of the positrons. In order to asses the effect of the magnetic field, the coils around the storage
trap and the central solenoid have been modelled. The resulting magnetic field map was then used as
input to the beam-tracking simulations.

The magnetic field required to confine the electron plasma inside the electrodes shown in figure
is provided by a solenoid. Two pairs of steering (quasi-Helmholtz) coils are positioned around the two
vacuum crosses immediately upstream and downstream of the solenoid. The parameters of both the
main solenoid and the steering coils are given in table The coils and solenoid were simulated using
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Figure 2: The focal length of a constant density electron plasma for various lengths of the plasma
and energy of the positron beam passing through the lens, according to equation . Each coloured
band shows the range of focal lenths for a fixed plasma length and a beam energy between 50eV and
100 eV.The detector (MCP) is position approximately 54 cm downstream of the middle plane of lens.

Table 1: Specifications of the magnetic coils and solenoid modelled for the system at Swansea.

Parameter Solenoid Steering coils
Internal diameter [mm] 146 526
External diameter [mm] 162 600
Length [mm] 680 60
I [A] 30 6
Turns 680 400

a finite element analysis package FEMM [16]. The software is used to solve 3D axisymmetric linear
magnetostatic problems with a low computational cost. For the studies presented here, the package was
used to obtain a 2D axisymmetric magnetic field map starting from the value of the current through the
coils and their configuration. The resulting field strength around the beamline is shown in figure

The field map obtained with FEMM was then loaded into BDSIM with the help of a regular grid
interpolator and the interface between Python and BDSIM. Figure [d] shows the axial component of the
magnetic field on the beam axis from the entrance to the vacuum cross upstream of the storage trap,
the main solenoid and the vacuum cross downstream of the trap where the detector is placed. The
trap electrodes are placed in the middle of the solenoid, in a uniform field region of about 400 G. The
magnetic field outside of the electrodes is not zero due to the steering coils and the two end sections of
the solenoid. The evolution of the transverse size of a positron beam propagating through the magnetic
field is shown in figure
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Figure 3: The magnetic field strength and field lines in the (z,r) plane around the positron beamline as
obtained with FEMM. The rectangular contours mark the position and size of the two pairs of quasi-
Helmholtz coils and the main solenoid in-between.
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Figure 4: The axial magnetic field strength on the beam axis in the region upstream, inside and down-
stream the storage trap. The 2D field profile from FEMM is interpolated on a 3D grid and imported
into BDSM. The solid line shows the interpolated field only in a partial section of the beamline.
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Figure 5: The size of a positron beam that propagates along the magnetic field shown in figure {4 as
tracked with BDSIM. The magnetic field map was defined at transverse planes separated by dz. The

dashed line indicates the position of the detector (MCP). The beam was propagated through only a
magnetic field (no electron cloud).
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Figure 6: Evolution of the transverse beam size for a positron beam passing through an electron plasma.
The space charge was modelled as both a 3D field map or as a transfer matrix for a thin lens. The green
region marks the volume filled by the space-charge. A discontinuity is present in the case of the transfer
matrix as the transformation is applied in the middle of the element. The beam was propagated through
only an electric field (no magnetic fields).

3.3 Electric field map

For the studies described in this section, the electron plasma was modelled as a cloud of uniform charge
density that fills the internal volume of the trapping electrodes. For a uniform space-charge, the radial
component of the electric field is given by

Nee

E, =— 4
QCOT ()

where n. is the electron density and r is the radial distance from the central axis of the trap. A 3D
electric field map was generated from equation . Due to the uniformity of the space-charge along the
z axis and assuming a net zero effect of the longitudinal electric field component E,, the field map had
E. = 0 set throughout the entire volume. The electric field map was generated on a uniform 3D grid
and a cubic interpolator was used by BDSIM. No difference could be observed when switching between
the ‘cubic’ and the ‘nearest’ interpolators available in BDSIM. For particle-tracking inside the electron
plasma, the maximum step size in the integration was restricted to 2 um.

Special care was taken to define the field map in a volume that extends longitudinally past the entry
and exit plane of the actual electron cloud. While BDSIM uses the field map for particle-tracking only
inside the volume of the electron cloud, it was observed that sometimes the field map is not calculated
on the entry and exit planes of the electron cloud if the longitudinal extent of the electric field map is
the same as the length of the element that represents the space-charge cloud.

To verify the tracking through the generated field map, the optical functions were compared with a
separate simulation in which the space-charge cloud was modelled as a transfer matrix that corresponds
to a thin lens with the focal length given by equation . Figure |§| shows the agreement in the transverse
beam size between the two different models of the electron plasma. All the other optical functions showed
similar good agreement.

3.4 Single particle trajectories

The first step in studying the focusing effect of an electron plasma on a low energy positron beam under
the conditions of a real experiment was to track individual positrons through the electric field of the
space-charge combined with the magnetic field from the beamline elements. Several cases were studied
for various electron densities and steering coils turned on or off. For each case, three positrons were
simultaneously tracked through the beamline with initial offsets from the beam axis of 1, 2, and 3 mm,
respectively. The positrons had a kinetic energy of 85eV. The transverse components of momentum
were fixed to an arbitrarily small value of 2’ =y’ = 107% rad.

Figure [7] shows the axial magnetic field strength along the beamline and the volume occupied by the
electron plasma, together with the trajectories of three positrons with different initial transverse offsets.
In the regions with only a magnetic field, the positrons undergo cyclotron rotation around the magnetic
field lines. The gyroradius can be seen to decrease in the sections with a lower magnetic field strength. In
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Figure 7: Single particle trajectories for three positrons with initial offset of 1,2, and 3mm from the
beam axis. The top panel of each figure shows the axial magnetic field strength B, along the beamline
and the region filled by the electron plasma in green. The motion in the transverse x and y directions,
as well as the change in radius r show a cyclotron rotation of each positron around a guiding centre.
The guiding centre itself rotates around the beam axis while passing through the electron plasma. The
dashed line marks the position of the detector (MCP).

the region occupied by the electron plasma, the E x B field causes an additional rotation of the guiding
centre around the central beam axis, as shown schematically in figure [§]

Assuming that the gyroradius is small such that the changes in the radial component of the electric
field can be neglected, the guiding centre of the cyclotron rotation will drift with a drift velocity

ExB

Vda = Bz (5)
For a uniform electron cloud, E o r implies that vg o< . Therefore, the angular velocity of the positrons
is independent of their radial position which results in the entire beam rotating around the beam axis
as a rigid rotor. The angular velocity increases with the density of the plasma, as can be seen in figure[9]
from the increase in the number of full rotations of a positron while passing through the electron cloud.
To verify the results from the single particle-tracking simulation, a separate script was written to

numerically integrate the full equations of motion

T =Wy —ax

= —Wed — oy (6)
2=0

where w, = eB/m, and a = n.e?/2egme. Figure shows the calculated trajectory in the trans-
verse plane for a positron passing through the storage trap. For the case of n, = 2 x 10" m~3 and
L = 19 cm, numerically integrating the radial acceleration gives an average radial velocity of approxi-
mately —0.7ms™!. For a transit time of about 3.5 x 1078 s, the numerical result is consistent with the
absence of a significant radial drift of the guiding centre which would correspond to beam focusing.

3.5 Positron beam size evolution

In addition to single particles, a beam of positrons was also tracked through the beamline. The beam
was defined to be Gaussian with o, = 0, = 3mm, 0,y = g,, = 107 %rad, a kinetic energy of 85eV, and
no energy spread.
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Figure 8: Schematics of the trajectory of a positron in a E x B field. The particle undergoes cyclotron
motion around the B field lines. In a constant radial electric field E, the guiding centre of the circular
motion drifts around the central axis with a velocity vg.
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Figure 9: Single particle trajectories in the transverse x direction for three positrons with initial offset
of 1,2, and 3mm from the beam axis. The top panel shows the axial magnetic field strength B, along
the beamline and the region filled by the electron plasma in green. The number of full oscillations inside
the plasma increases for higher electron density n..

0.004

0.002

0.000

Y/ mm

-0.002

—0.004

-0.004 -0.002 0.000 0.002 0.004
X/ mm

Figure 10: Trajectory in the transverse plane for a positron that passes through the E x B field within

storage trap as numerically calculated from equations @ Due to the short transit time and small radial
variations in E, no radial drift of the trajectory can be observed.
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Figure 11: The evolution of the transverse size of a beam of positrons that propagates along the beamline
when the storage trap is empty compared to three electron densities of 2 x 1014 m=2 (top), 2 x 1015 m=3
(middle), and 2 x 10! m~3 (bottom). An observable change in the beam size appears at the highest
density. Due to the small separation of the planes at which the beam size is sampled, the faster change
in the beam size due to the cyclotron rotation of the positrons can also be observed.
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Figure shows how the size of the positron beam changes throughout the electron plasma and
downstream of it up to the position of the detector. For an electron density below 2 x 10 m~3, no
significant change in the beam size was observed. For higher density, 2 x 10 m~2 and above, the beam
size is larger at the position of the detector compared with the case of no plasma in the storage trap. The
increase in the beam size at relatively high plasma densities is caused by the high amplitude oscillations
of the beam size inside the electron cloud which perturbs the cyclotron motion of individual positrons
downstream of the plasma. A mono-energetic beam passing through an ideal lens has a well-defined
focal point where the beam size is infinitesimal. Even though the beam energy spread is zero, the beam
size never reaches a value close to 0mm. This is an indication of the absence of focusing. This result
suggests that, even at relatively high plasma densities, a focusing effect on the positron beam would
not be observed. By comparison, in the absence of a magnetic field, a plasma with a density around
10** m~3 should focus a low energy beam in a space shorter than 1cm (see figure .

Furthermore, figure [11] also shows several oscillations of the beam size inside the plasma which can
be explained by the cyclotron motion of the positrons. The effect of the cyclotron motion of individual
positrons on the beam size is visible due to the small separation between the planes at which the beam
size was sampled. Due to the large cyclotron frequency and low beam energy, the positrons execute
several gyrations during the transit time through the plasma.

3.6 Positron beam rotation

Based on the absence of an observable focusing effect that was discussed above, a second experimental
observable can be represented by the rotation angle of an elliptical positron beam. It was argued
previously that the positrons in the beam rotate with the same angular velocity which is determined
by the plasma density and the solenoidal field. To verify this statement, an elliptical positron beam
was tracked through the beamline and its orientation in the xy plane was sampled at several illustrative
locations.

Figure shows how the orientation of a Gaussian elliptical beam that starts with o, = 3mm,
oy = 0.5mm, and the major axis parallel to the = direction, changes through the beamline. At the entry
plane of the plasma, the beam has been focused due to the density of the magnetic field lines increasing
upstream of the storage trap. Through the plasma, the beam rotates as a rigid object by almost two
and a half full rotations. Between the exit plane of the plasma and the detector, the beam expands due
to the decrease in the magnetic field strength. However, the rotation angle with which the beam exits
the plasma is preserved up to the detector.

From the equations and , one can obtain a new expression for the angle by which the beam
rotates between the entry and exit planes of the plasma
eneL

Ab (7)
where Upeam is the velocity of the positrons in the beam and L is the length of the plasma. Figure
shows the amount by which the beam rotates within the electron plasma for three different positron
energies, 50, 85, and 100eV, as a function of the figure of merit n.L. The simple model of equation
agrees well with the beam-tracking simulations performed using BDSIM. The region of interest with
rotation angles between about 0.02rad and 7 rad corresponds to 4 x 101t m=2 <n.L <5x 103 m~2. In
the treatment above, the beam was considered to be relatively large and to enter the beamline on the
beam axis. The same results apply for a thin pencil beam that starts to propagate with a radial offset.
The final position of the pencil beam will be rotated by an equivalent angle also given by equation .

The beam-tracking simulation was also used to look at the correlation between the angle by which
the beam rotates through the electron plasma and the rotation angle which can be measured at the
position of the detector relative to the orientation of the beam at the start of the beamline. Figure
indicated that a good correlation exists only for relatively large angles above approximately 0.2 rad. For
lower angles, the beam rotation angle measured at the detector is less than the amount by which the
beam rotates by passing through the plasma. This is a result of the rotation of the beam inside the
plasma being smaller or comparable to the rotation caused by the propagation through the rest of the
beamline.

260 Bvbeam
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Figure 12: Summary of single particle- and full beam-tracking results. The trajectory of individual
positrons are shown with the red, blue, and green lines. The lateral panels show the orientation of an
elliptical positron beam at various key locations in the beamline: 1-start of the beamline, 2—entry plane
of the plasma, 3—exit plane of the plasma, 4-position of the detector. The four insets on the bottom
show the rotation of the beam in the first approximately 4 cm of the plasma.
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Figure 13: The angle by which a beam of positrons rotates while passing through an electron plasma of
density n. and length L for a beam energy of 50, 85, and 100eV. The solid lines show the result of the
simple model of equation @) The crosses show the rotation of an elliptical positron beam through a
uniform electron plasma according to beam-tracking simulations in BDSIM.
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beamline. The dashed line marks the 1:1 correlation. The data points were obtained by beam-tracking
in BDSIM.
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Figure 15: Schematic representation of the m = 1 plasma diocotron mode [I7] viewed along the axis of
the lens.

4 Diocotron motion

4.1 Background theory

In a Penning-Malmberg trap, the electron plasma column experiences an E x B rigid rotation about its
axis due to the self space-charge field. If the plasma column is located away from the central axis of the
trap, an image charge is induced in the conducting walls of the confining electrodes. The electric field
from the image charge results in an additional E x B drift of the plasma which leads to the diocotron
rotation (see figure . When the azimuthal wavenumber m is not explicitly given, the diocotron motion
refers to the fundamental m = 1 mode. If the particles bounce axially on a timescale much smaller than
the perpendicular drift timescale, the mode corresponds to a rigid-rod plasma that moves on a circular
trajectory about the symmetry axis of the trap [I8]. Theoretical predictions of the diocotron mode
frequency have been obtained under a variety of assumptions.

The analysis started with the simple assumption that the plasma column represents an infinitely long
line of charge with infinitesimal radial extent. The image charge is located at r; = R2 /D, where R,, is
the radius of the wall and D is the amplitude of the mode or the displacement of the plasma from the
central axis of the trap. The electric field from the image line charge at the plasma column is uniform
and causes the column to orbit around the trap axis at a frequency given by the following full nonlinear
formula [I§] (cgs units)

1

= (DJR.)? )

fm:fll
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where f is the linearized infinite-length diocotron frequency

cNe

fi= TBLR2,

(9)
Note that f. is independent of the radial density profile of the plasma column.

However, when D becomes large (i.e. as D/R,, — 1), the image charge approaches the column and
the finite radius of the column becomes important due to the field variations across the plasma. The
problem has been solved to order (D/ Rw)2 for constant density columns by considering the quadrupole
perturbation of the plasma profile [19]. The resulting formula for the diocotron mode frequency fnr.
is valid for finite plasma radius R, and has a dependence on the amplitude D due to the nonlinear
distortion of the column into an elliptical cross-section

INL = foo + fo 1_2(Rp/Rw) (D> (10)

2
[1= (Ry/Ru)?] M

Finally, one may relax the assumption that the plasma is infinite in the axial extent. In this case, the
diocotron frequency gets two shifts, one due to the finite extent of the image charge, and another due to
the force on the plasma ends caused by the electric fields from the axial confinement potentials of the
trap [18]. The former contribution f;, due to the finite length of the image charge, becomes important
when the assumption R,,/L < 1 breaks down. The latter contribution f., due to the end confinement
fields, must be considered when the assumption |®,|/|V.| < 1 is invalid [I8], where ®, is the plasma
potential and V. is the confinement voltage.

The image field produces a correction A f; < 0, and the confinement field gives a contribution f. > 0.
The problem has been solved [I7] to lowest order in D/R,,, Ry/Ry, Rw/L, and |®,|/|V;|. The resulting
formula for the small amplitude finite length diocotron frequency is f4 = f1+Af;+ f. where the frequency
shifts are

Af; = —0.671f, <RL> (11)
_ .jOl 1 Rw TL Rw
fc—f17 |:4+1n (&)>+W:| <L> (12)

where jo1 = 2.405 is the first zero of the Jy Bessel function. For a uniform density column, the plasma ki-
netic pressure term can be approximated as TL/Ne® ~ 47,/ R2 which gives a less important contribution
when the column is a “plasma”, i.e. when A\p < R, [17].

4.2 PIC simulations

Modelling simulations were carried out with VSim [§], a software application specially optimised for
plasma simulations and designed to run in parallel on high performance computing systems. VSim
employs the particle-in-cell (PIC) method. Macro-particles are used to model the dynamics of a discrete
number of real particles, electrons in this case. The macro-particles are advanced in time according to
the Lorentz equation. In-between the time steps, the charge density is calculated via interpolation of
the macro-particles onto a mesh. The charge density is, then, used to calculate an electrostatic potential
by solving Poisson’s equation. Particle collisions were not modelled due to the collision time scale being
much larger than the diocotron period. Due to the diocotron drift of the plasma column in the azimuthal
direction, a three dimensional simulation has to be employed.

The electrostatic field solver is applied to an zyz Cartesian grid with constant potential boundary
conditions (Dirichlet conditions) at the walls of the electrodes. VSim does not yet include a 3-D cylindrical
solver. The Dirichlet conditions are suitable here because they implicitly model the effect of the image
charges. By fixing the value of the potential on the metallic surfaces, the transverse electric field is fixed
to zero, as it is the case in a real conductor due to the rearrangement of the free electrons. The image
charges are not modelled in the simulation, but their effect is implicitly included by solving Poisson’s
equation with the appropriate boundary conditions.

The geometry of the storage trap, as well as the magnitudes of the magnetic field and electrostatic
potentials, are consistent with the experimental setup at Swansea. The parameters with the largest
influence on the result of the simulations are discussed below.
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4.2.1 Time step

To properly resolve the motion of a charged particle in a magnetic field, the time step should be smaller
than the cyclotron period given by

2mm 1
=g~ 3.57 x 10—“m [s]. (13)
Typically, due to the high magnetic field and small gyroradius, the motion of a particle in a PIC simulation
is close to a guiding centre motion, in which case the small scale rotation of the particle around a magnetic
field line is not fully resolved. Thus, larger time steps result in significant plasma heating.

Another natural time scale for the collective phenomena of interest in a plasma is the inverse plasma
frequency wp_el. For a stable solution, Atw;el < 2 is required. In the absence of other constraints, the
use of a more restrictive time step At = 0.2%;1 is typically used to give sufficiently accurate results [20].
The above restriction on the time step is associated with the use of an explicit solver, a scheme that
advances particles based on old forces from the previous time step. While explicit solvers are simpler
and faster, an implicit scheme which uses a new field at the next time step to update particle velocity,
requires a much smaller number of time steps.

A further constraint on the time step is set by the Courant—Friedrichs-Lewy (CFL) condition. For
an electrostatic simulation, the effective CFL condition requires that a macro-particle moves at most one
cell during a single time step. Hence, higher energy particles require smaller time steps. If a maximum
temperature or a maximum thermal velocity v¢h max is defined, the CFL condition can be satisfied by
setting up the time step according to the following minimum

min i, ! , (14)
Wpe Vth,max \/1/A‘772 + I/Ay2 + 1/AZ2

where Ax, Ay, Az are the cell dimensions along each of the x,y, z directions. The size of the time step
is the defining factor in the total running time required for a simulation to finish for a fixed number of
available CPUs.

4.2.2 Mesh size

In the PIC model, the short-range forces are only approximately modelled since their length scale is of
the same order as the size of the mesh. This approximation and the discrete mesh lead to numerical
heating and non-conservation of the total energy. However, the degree of numerical heating was observed
to decrease by a comparable factor to the decrease in the cell size [21].

Simulations were carried out on a discrete Cartesian mesh with a transverse cell size Az = Ay and
a longitudinal cell spacing Az. The natural length scale in an electron plasma is given by the Debye

length
eokpT. 6 | TeleV]
=4/ ——— =74 1 —_— 1
Ap =4/ 2 7.43 x 10 ”ne 7] [mm], (15)

which represents the upper limit for the mesh size in any direction. This condition adds to the difficulty
of simulating a plasma with a low temperature T, or a high density n..

Another length scale which is relevant for an electron moving in a magnetic field is the gyroradius
(Larmor or cyclotron radius) p. defined as

MV | 3/ T [eV]
~238x107°+————
B x BT

Pc = [mmL (16)

where v, is the component of the velocity perpendicular to the magnetic field B. However, in a typical
PIC simulation, the gyroradius scale is much smaller than the scale of the Debye length and it is not
properly resolved. Thus, the particle motion is treated as a guiding centre motion.

4.2.3 Confinement fields

The maximum density of a plasma confined in a Penning-Malmberg trap is restricted by two conditions
necessary to limit the expansion of the plasma in the radial and axial directions, respectively. The first
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condition is the Brillouin limit which gives the maximum density np that can be confined by a uniform
magnetic field B as [22]
B2
np = =48 x 10" (B[T])* [m ™). (17)

The second limit is given by the space-charge potential built up by the confined plasma. The voltage
applied to the end electrodes has to be larger than the space-charge potential to ensure axial confinement.
For a long, uniform, and cylindrical electron plasma confined with cylindrical electrodes that fully fills
the trap at the Brillouin limit, the space-charge potential on the axis of the plasma is calculated as [21]

o= (1 2m e 22,007 (B 11 ) (V) 18)

€0 )

Thus, high-density single-component plasmas require substantial voltages to confine them, unless R, is
small. In practice, when the space-charge potential of the plasma is not too high, the voltage applied to
the end electrodes is typically ~ 5 X ¢g.

4.2.4 Electron collision rate

Non-neutral plasmas in a regime away from the Brillouin density limit satisfy the condition Ap > p..
In such a regime, when two electrons collide, their momentum vectors scatter. As a result, the guiding
centre of each particle moves to a different position and leads to diffusion. Electron-electron Coulomb
collisions occur at a rate given by the following formula [I3]

16 Ne et pcTe
() 1

where cgs units are used and the temperature T, has units of energy. Physically, v.. is the rate at which
a thermal electron loses half of its momentum to other electrons [13]. Equation is equivalent to

Vee =

6 Me [em~?]

Vee =~ 1.6 x 10~ W

In (6.9 x 10%p. [em] T, [eV]) [Hz]. (20)

For example, a plasma with a density of the order 1 x 10° cm ™2, temperature 0.1eV and confined by a
field with B = 0.003 T has an electron-electron collision rate v, ~ 0.5 MHz.

4.3 Plasma initialisation

In an experiment, there are several techniques by which to capture electrons inside a Penning-Malmerg
trap and form a confined plasma. However, since the time scales involved in the capture processes (e.g.
electron collision period, axial bounce period, or stream instability rise time) are much larger than the
plasma time scales (e.g. plasma period, cyclotron period, or diocotron period), it is computationally too
expensive to simulate the capture of electrons. The alternative is to initialise the electrons as a confined
plasma directly.

Due to the influence of the transverse density profile of the plasma column on the diocotron mode
frequency, the plasma has to be initialised in the simulation as close as possible to the actual stable state
both in terms of the spatial density profile and the corresponding velocity distribution. Thus, one can
avoid an initial transient phase in the simulation during which the plasma column changes from the initial
configuration to a more stable state and also avoid numerical heating of the electrons. Simply initialising
the plasma with a uniform density has been observed in simulations to lead to an initial period of time
required for the plasma to relax into a new stable state by typically expanding in the radial direction
and contracting axially. Figure[16|shows an example from a simulation where the uniform initial plasma
column relaxed into a significantly different longitudinal profile.

One way to initialise the plasma closer to the stable state is to assume that for small radial displace-
ments of the column from the trap axis, the density distribution is not significantly different from the
distribution of a plasma column in thermal equilibrium and with no offset from the symmetry axis. The
reasoning behind this approach is that the equation which determines cylindrically symmetric non-neutral
plasma equilibria of this kind have been extensively studied [23H25] and can be computed numerically.

A numerical procedure has been constructed to compute the electrostatic equilibrium of a non-neutral
plasma in a uniform magnetic field by solving Poisson’s equation using an iterative method. The plasma
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Figure 16: Electron density of the plasma column in the longitudinal direction at 0.0 us and 6.2 us. The
uniform density changes into a slowly varying profile due to the shape of the confining field. The orange
line is a spline fit of the points from simulation to guide the eye.

is assumed to be in a global thermal equilibrium, as described by [25] [26] and [24]. The class of equilibria
considered here corresponds to a rigid rotation of the plasma about the axis of symmetry with angular
velocity wy = const., for which Poisson’s equation has the form

V26 = Zn(r,2) = f(r,6) (21)

€o

In this equation, ¢ is the electrostatic potential and n.(r, z) is the electron density. The right-hand side
of equation takes the form [24]

f(T, ¢) = % exp {_2]:/‘7;} |:T2 (wrewce - wge) - fne ((b - ¢00):| } (22)

where 7, and ¢gg are the electron density and potential at the centre of the plasma, T, and m. are the
electron temperature and mass, respectively, and w.. is the electron cyclotron frequency. For the choice
of distribution function in equation and for the entire class of rigid-rotor equilibria, the plasma
column is radially confined (n.(r — oo,z = 0) = 0) provided [24]

Weelre — wge - er/2 >0, (23)

where wpe = /fic€?/meep is the plasma frequency. Equation is equivalent to w,, < wre < W,
where w;f, and w;, are the cold-fluid rotation velocities given by the two roots of the quadratic equation
associated to the inequality . If wy is closely tuned to either w;f, or w,, the density profile n.(r) is
uniform and equal to 7. over the main radial extent of the plasma column out to some radius r > Ap,
and then n.(r) falls off abruptly over a distance of a few times Ap. This is a result of the electrons
adapting their position in the equilibrium state to cancel out any externally imposed electrostatic field.
On the other hand, if w,. is well removed from the cold-fluid rotation velocities w,, and w,,, then the
density profile n.(r) is bell-shaped and it typically extends a few times the Debye length Ap in radial
size [24].

However, in an experiment, it is the radial profile of the plasma column that is most commonly
measured, and not the angular velocity wr.. Thus, it is convenient to specify a different quantity r, from
a measured density distribution, where 7, is defined as the radius in the midplane, z = 0, at which the

plasma density has fallen to half of its central value. The function can, then, be rewritten as [27]

ene

Fr,0) = "5 exp 1 (6= don) — ar? | (24)

€0

with the constant « readjusted at each step of the iteration according to the formula

e In2
o= /CBTJ% (¢(rp,0) — ¢o0) + g- (25)

The cylindrical geometry used for computing the plasma equilibria has a radial extent a and a length b,
and it is subdivided into rectangular cells with sides of length Ar and Az. For accurate results, the size
of the cell in each of the two dimensions has to be less than or equal to half the Debye length [27]. The
plasma was assumed to be axisymmetric and the confining magnetic field uniform and parallel to the
axis of the trap. Two ring-shaped end electrodes create the axial confining potential. The computation
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region was chosen for a plasma state with reflection symmetry about z = 0. Under these conditions, the
corresponding boundary conditions on ¢ are

oo o
E—O at T—O, (26)
0o o
af()atrfz, (27)
¢=0at z=b (28)

Also, at the conducting wall ¢ = ¢(a, z) is zero except at the location of the confining electrode.

The iterative method chosen here is successive over-relaxation (SOR) with finite-differences and
Newton’s method (Newton SOR). This particular iteration scheme was chosen for its simplicity and
effectiveness in the present problem [27, 28]. The computation volume is divided into a regular grid
and central-differencing is employed to evaluate the derivatives. The solutions are found by relaxation
from an arbitrary initial potential ¢(°)(r, z) by progressive iterations over the entire grid. During each
iteration, the a new electrostatic potential is obtained at each grid point through

PV (1, 2) =(1 — W)W (r, 2) + g ( + = +2

X _
A TR T g0 )
y (14 Ar/2r)¢D (r + Ar, 2) + (1 — Ar/2r) oD (r — Ar, 2)
Ar?
L 900,24 A2 + 90,2 A2)
Az?

1 of

(29)

of
PY0)

— 1 (n000,2) +

¢<”(m>] :

where 1 < w < 2 is a mixing constant. A good estimate for the best value of w is the value used to solve
Poisson’s equation with homogeneous Dirichlet boundary conditions on a rectangular n, x n, grid [29]:

we 2 (30)

V1—p?
_ Az%cos(m/n,) + Ar? cos(m/n.)
P= Az% + Ar? '

(31)

To reduce the total number of iterations required to achieve convergence, w is updated after each full
sweep over the grid according to the Chebyshev acceleration method [29].

The right-hand side of equation contains a mix of iteration levels (both [ and [ + 1) to make use
of the updated values of ¢ as soon as they become available [27]. Furthermore, the 0f/0¢ term improves
the algorithm for nonlinear problems by evaluating f(r, ¢) at the (I + 1) iteration level. The potential ¢
is updated starting from the lower left-hand corner of the grid and the calculation proceeds radially first.
The iterations are continued until the solution converges within the desired tolerance. It was typically
observed that the error grows by a factor of 20 before convergence sets in.

Figure [17] shows the result of computing the density distribution of an electron plasma in a Penning-
Malmberg trap with the scheme described in this section. The radial plasma profile has an approximately
flat region near the central axis and falls off over a distance of a few times the Debye length. At the end
of the half-column, the density also decreases smoothly following the shape of the field lines determined
by the confining potential.

Figure [18| shows a comparison between the radial profile extracted from the 2-D calculation of the
electron density and a solution to the 1-D problem that corresponds to an infinitely long plasma column.
The 1-D solution has been obtained by solving a self-consistent 1-D Poisson equation for an axisymmetric
plasma column that undergoes rigid rotation [24) 26]. The same density, temperature, radius rp, and
confining field were used in the 1-D problem as in the 2-D case. The two calculations resulted in highly
similar density profiles for long enough plasma columns. The agreement is within 1% for 5 grid points
or more per Debye length along each direction.

Once the stable density distribution of the plasma has been computed, the second step of the ini-
tialisation procedure is to define the corresponding velocity distribution. For an electron plasma at
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Figure 17: Density distribution of an electron plasma confined by a uniform magnetic field and an
electrostatic potential. The right margin coincides with the middle-plane of the gate electrode. The
contour lines correspond to constant potentials. The computation domain represents only a quarter of
the full geometry. The confining ring is biased to a voltage of —500V and the magnetic field strength
is B = 30G. The cylinder radius is a = 4 cm, and the ring lies between z = 25cm and z = 27cm. The
plasma has a radius r, = 1.55 cm (half-density radius), peak density 7. = 3 x 10'®* m~3, and temperature
T.=1eV.
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Figure 18: Comparison between the radial density profile n.(r,z = 0) obtained from the 2-D solution
to equation and the 1-D calculation for a plasma column of infinite length L. Both density profiles
correspond to thermal equilibrium. The 1-D solution was obtained for a rigid rotation of the plasma
column with angular velocity wy./w,, = 141 x 104, and a plasma characterised by 2w12,€ Jw?, = 0.6859
and A\p = 0.136 cm. The half-density radius rp = 1.55 cm extracted from the 1-D solution was used as
an input to the 2-D calculation.

20



CCAP-TN-ACCL-09

1.2 1le8
1.0
0.8
3 0.6
0.4
—— w/0 pressure term
0.2FF —— w/ pressure term
1 1 1 1 1
0.00 0.01 0.02 0.03 0.04

r/m

Figure 19: The local angular velocity that corresponds to the plasma density distribution shown in
figure The two curves were calculated with the equation with and without the pressure term.
When the pressure term is included (7. > 0), the local angular velocity is consistent with a rigid rotation
of the plasma column.

temperature T, the equilibrium condition is given by [30]
menev - Vv = —en. (E+v x B) — Vp, (32)

where p is the plasma thermal pressure and for an ideal plasma it is related to temperature by p =
nekpT. A necessary condition for thermal equilibrium is that the temperature T, is uniform. The radial
component of equation is

One

e (3

0
— menew,z,er = —en, (—83{) — wrerB> — kgT,

which can be rewritten as
E, kgT, On w2

e = re’ 34
Wre Br = eBrn. Or  wee (34)
with E,. = —0¢/0r, the radial component of E. If the angular velocity wy. is uniform in r (rigid rotation),

equation can be integrated to obtain an expression for n.(r, z) identical to the one in equation .

However, when initialising the plasma in a PIC simulation, one has to take into account the absence of
elastic collisions between the electrons, and, hence, the absence of thermal pressure. Under this condition,
for the plasma not to expand in the few first time steps of the simulation, the velocity distribution has
to satisfy equation without a pressure term on the RHS (i.e with T, set to 0eV). In the absence of
pressure, the velocity distribution does not correspond to a rigid rotation (see figure , but it ensures
that the plasma column retains its initial density profile throughout the simulation. Therefore, the
scheme described in this subsection for initialising the plasma in a simulation allows the control of the
shape of the plasma column while it undergoes diocotron motion. Furthermore, the scheme also decreases
the total time of a simulation as it removes the requirement for an initial time period when the plasma
relaxes from an arbitrary initial shape to a more stable configuration.

4.4 Simulation analysis

The output of the PIC simulation consists of the 6-D phase-space of the macroparticles registered at
a regular interval in time which is specified at the beginning of a run. The macroparticles data is
further analysed to extract the charge density and information on the plasma temperature based on the
phase-space coordinates and weight of each macroparticle.

Furthermore, the three components of the electric field, F,, E,, F., are registered at each time step
at the centre of the storage trap. Due to the diocotron rotation of the plasma column, the transverse
components of the electric field, F,, E,, exhibit a periodic variation. The diocotron period is, then,
obtained by fitting the field variation with a sinusoidal function or by using a Fourier Transform.

Alternatively, the period of rotation of the column was also extracted by calculating the centre of
mass position (zooar, Yocom) of the charge distribution. The centre of mass rotates with the diocotron
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frequency, but fewer data points are available from the simulation since the charge distribution was
registered at intervals of several hundreds of time steps. Lastly, the total number of physical particles in
the simulation domain was recorded as a function of time to evaluate the degree of particle loss.

5 Conclusion

The main two challenges in designing a reliable Gabor lens for LhARA remain the high number of
electrons that need to be confined to provide the necessary focusing strength and the stability of the
plasma. To address these issues, a set of measurements has been planned to be performed on the positron
beamline at the University of Swansea. FEven though the beamline is mainly used for studies with
positrons, it also allows the storage of electron plasmas. The measurements are intended to inform us of
the most suitable techniques to increase the density of the confined plasma for certain externally applied
fields and how close to the theoretical limits the density can be increased. Furthermore, measurements
of the diocotron drift of an off-axis plasma column are planned to provide experimental data to validate
the particle-in-cell (PIC) simulations and the corresponding software. Lastly, a new set of measurements
is proposed by studying the focusing effect of a confined electron plasma on a low-energy positron beam.

As a preparation for the measurements, both particle-tracking and PIC simulations have been done.
The storage trap and the surrounding beamline at Swansea was modelled and a positron beam was
tracked through an idealised, uniform electron plasma. The effect of the external solenoidal magnetic
field of the trap and the space-charge field of the plasma is a rotation of the positron beam while passing
through the storage trap. Simulations were used to evaluate the magnitude of the rotation in relation
to the plasma density and length, and the results were compared to an analytical model based on single
particle motion.

For the validation of the PIC software, simulations were performed to model the diocotron rotation of
a plasma column around the symmetry axis of the trap. Various methods to initialise the plasma in the
simulation have been investigated to ensure low numerical heating and a stable evolution of the diocotron
mode. As a result, an initialisation scheme is described which starts from the spatial distribution of a
confined plasma in global thermal equilibrium. Such a scheme leads to a low degree of plasma expansion
in the initial part of a simulation and provides control on the radius of the plasma from the start.
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